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Abstract In this paper, a hybrid approximaton F , =a +a,(fha)+a,(fha)’® and prediction

(fha)

. Z ) 2
mml(al’az’%)_g‘[a' AR T y’] model based on the generalized extension method is constructed for

sta, +a,x, +a,x. =y,,i=1,2,L,n—1
the optimization problem of nonlinear systems, and a Lyapunov stability analysis is carried out. The model is applied
to the nonlinear gear micro-parameter optimization system and the trajectory tracking optimization system for
optimal parameter solving and physical trajectory prediction reduction. During the gear microscopic parameter
optimization process, most of the optimal parameter solving errors of the generalized extension method are between
0.00 and 0.02, which have high accuracy. The convex eigenfunction initial value construction and the spectral
method discretization are utilized to solve the problem of efficiently solving the nonlinear algebraic equation system
in the case of multiple eigenvalues, and the flight physical trajectory is effectively restored. The Liapunov stability
analysis shows that the generalized prolongation method satisfies the spectral stability condition under subharmonic
perturbation.

Index Terms generalized extension method, convex function, Liapunov stability, spectral method, nonlinear
optimization

. Introduction

In daily life, the problem of maximizing the benefit based on available resources or minimizing the cost to achieve
an objective is called an optimization problem [1]. With the development of science and technology and economy,
optimization problems have been widely used in the fields of military, transportation, engineering, economy, national
defense, artificial intelligence and social sciences, etc., which have attracted extensive attention of scholars and
become a more widely used discipline [2]-[5]. The numerical solution of nonlinear optimization problems, on the
other hand, is an important branch in the study of optimization problems [6]. However, many problems in engineering
applications such as signal processing, system identification, robot motion control, etc., usually contain time-varying
parameters and thus must be solved in real time in order to optimize the performance of dynamic systems [7], [8].
Such real-time application problems place stringent demands on computational time, making the numerical methods
described above less effective [9].

As the form of the problem becomes more and more complex and the computer technology progressively
deepens, the requirements on the performance of the algorithms become higher and higher [10]. Therefore, while
proposing new methods, exploring algorithms with fast convergence, high stability and wide practical applicability
has become a major challenge in the recent past [11], [12]. In the future development, the application areas of
algorithms will be wider, and the better and faster development of algorithms will bring more positive changes to
people's daily life [13], [14]. Therefore, exploring the solution method based on the generalized extended solution
provides an effective method for dealing with nonlinear optimization problems, which complements and improves
the existing theories and methods.

In this paper, the generalized extension method is taken as the core, and the theory of convex function analysis
and Liapunov stability judgment are integrated to realize the optimization of nonlinear problems. By constructing the

convex function h(yr+(1-y)s)< yh(r)+(1-y)h(s) with orthogonal projection operator B, (u):=argmin|fu—z|,
zeD

t

combined with a local fit Uity = 2, a,®

129y with extrapolation strategy

1120



fa

Algorithms for solving nonlinear optimization problems based on generalized extended solutions and their stability analysis

. 2 2
mlnl(al,az,a3)=2[al+a2x,.+a3xt.2—y,] . _ . L .
P , realizing high-precision segmental approximation and dynamic

sta, +ax, +a,x. =y,,i=1,2,L,n—1
sequence prediction by generalized extension. Solve the optimal value of nonlinear gear micro-parameters to

improve the gear running accuracy. Predict and solve the flight trajectory to restore the physical traces. Utilizing
Liapunov stability analysis to verify the solution stability.

ll. Theoretical elaboration of the generalized extension approach

In this chapter, the optimization theory of the generalized extension method and the definitions and theorems related
to matrix analysis are explained. Construct the generalized extension model for use in the optimization solution of
nonlinear problems. Analyze the application value of Lyapunov stability in the optimization of nonlinear systems.

Il. A.Optimization theory and matrix ana C lysis

Definition 1: Denote 4 :C — (—x,+0] as a true function, where the convex set Cc 0" is the domain of definition
(also known as the domain of validity) of the function 4(-). For Vr,seC and Vy e][0,1], the following inequality
relation is true if

J(yr+(1=y)s) < yh(r)+(1=7)h(s). (1)

always holds, then #4(:) is said to be a convex function on . Moreover, if —A(-) is a convex function on C, then
h(-) is said to be a concave function on . C ..

Definition 2: Let g:B — [ denote a real-valued truly convex function on the convex set Bcl0™. Let pell”
be any point in the set B. For any ¢ eB, if the m-dimensional real column vector r satisfies the following
inequality relation

g(p)-g(q)={r,p—q) (2)

Then rel™ is called a subgradient of the convex function g(-) atthe point peB.

Remark 1: If the convex function g(-) is derivable at a point, the gradient of g(-) at that point is the unique
subgradient of g(-) at that point.

Definition 3: If g(-) consists of the real-valued truly convex function involved in Definition 2, then the set
consisting of all subgradients of the convex function g(-) at the point p eB is called the subdifferential of g(-)
at the point peB (abbreviated as dg(p)),i.e.

g(p)={rell” :g(p)-g(q)>(r,p—q), Vg €B}. 3)

Definition 4: Let D 0™ be a nonempty closed convex set. To this end, the orthogonal projection operator
P,():0™ —>D ontheset D is given by the following equation

B, (u):=arg r;lin ||u - z||2 (4)

Defined, where Vuel™.

Remark 2: The orthogonal projections have succinct explicit formulas for the following special classes of convex
sets.

(1) Denote 01" asan m-dimensional nonnegative real column vector space, i.e., for vz el %, , each component

of the vector z is nonnegative real. For an arbitrary real number r, [r], denotes its non-negative component,
i.e.

r r=0

7). = {0 <0 ()

For Vr=(4,n,+.5,) 0", notate |r| =(n] .ln] .|| ) - Then, the orthogonal projection on the

nonnegative real column vector space 07, is
ng'o (r)= LrJ+ ,Vrell” (6)
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(2) Let r= (rl,rz,---,rm)' ed” . Remember that DcO” is a box set, ie.,

D= H[Q{,Ek} = {r el™:b <r, <bh,Vke [m—|} , here b, <b, . Then, the orthogonal projection on the box set D is
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s=(8,,8,,,5,) =B, (r),Vrel” (7)
Among them:
Ek’ rkzgk
S, =97, Qk<rk<l;,(,Vke|_m_| (8)
b. r<b

(3) Remember that D 0" is the set of /,-paradigm spheres of radius sel, centered at the origin, i.e.,

D= {r el :|r< s} . Then, the orthogonal projection on the ¢, -paradigm spherical set D is

r ||r|| <s
B,(r)= sr

Il

(4) Remember that D 0" is a hyperplane, i.e., D ::{r el Aa,ry=h,acl™ hell } , Wwhere a#0.Then, the

||r|| o Vreld” 9)

orthogonal projection on the hyperplane D is

PD(r):zr+—(h_<a’r>)a,VreU”’ (10)

2
o
(5) Remember that D c0" is a half-space, i.e., D :={r el" a,ry<haecl™ hell } , Where a#0. Then, the
orthogonal projection on the half-space D is
r+—(h —(a,;))a {a,r)>h
B (r)= ||a|| Yrel™ (11)

r (a,rY<h

(6) Remember that DcO” is the affine set, i.e., D :={r el" :Hr—-h=0,Hel" hel ”} , Where
rank(H )= p . Then, the orthogonal projection on the affine set D is

-1

By(r)=r—H (HH) (Hr-h),vrel" (12)
If HH" =E or p0 m,then the orthogonal projection B, (-) is quite inexpensive to compute.

Il. B.Modeling
Il. B.1) Generalized Extended Approximation Model Construction

Using the method of generalized extended approximation to fha , for example, in order to ensure that the

approximation function on the domain of any cell is continuous and smooth with the function on the domain of the
surrounding cells, the region Q ,,, composed of the revision quantity fha and the discrete points of the noise

vibration data is partitioned into m mutually non-overlapping subdomains Q ,,. and its domain of definition of
e With Q. =U"Q .., and Q eQ
that there are ¢ nodes inside Q ,,. ,and there are s nodes belonging to the category of Q .. (s<g), and

utilize the localized fitting approximation algorithm to construct the prolonged approximation function
t . .
U(FHa):Zj:Iachj(k/ha)’ s<t<gq, where ® ., ., ®,, ., ---,and ®, . are Q. . on the basis functions. Let

interest can be extended to neighboring cells Q . Here assume

(fha)e (fha)e'

the extended approximation function on Q.. be quadratic, then 1, fha, fha® are a set of basis functions,

and the relationship between vibrational noise data and the amount of revision can be expressed as
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F(‘/ha) =aq, +a, (fh(l) +a, (fha)z (1 3)

a,, a,, a, are the coefficients to be determined.

The best squared approximation of F,

to satisfy the difference conditionon Q

using node fha, (i=1,2,3,---,n) within Q. ..,
which in turn makes the constructor have the minimum squared

while enabling

Fipa

approximation error, i.e:

(fha)e?

n
min/(a,,a,,a,)= Y (a, +a,* fha, +a,* fha! - F)’

i=1
St.a, +a,* fha, +a,* fha = F, (14)
a+a,* fha, +a, *ﬂlazz =F

a1+a2*fhaj+a2*fha]2. =F,

Using the Lagrange multiplier method to solve the above equation with Lagrange multiplier 2,,4,,---,4,, the
constructor is as follows:
L(ay.a,.ay, 4, 2.+, 4,) = 1 (a,,a,.a;)
+ﬂ1 (al +a, *fha1 +a, *fhaf _E)
(15)

+ﬂ'z (al +a2*fha2 +a, *ﬂwlz2 _Fz)

+, (al +a,* fha, +ay * fha; —Fj)

From the practical point of view, considering the cost of testing and computational efficiency, » in Eq. (ﬂ) is

taken to be 5 and j is taken to be {(fhe,,F,),(/ha,,F,), --,(fhe,,F,)} . The test discrete point 3 in the selected
sub-domain can satisfy the demand, which is obtained from 0L /da, =0(i=1,2,3), 0L/04, =0(j=12):

4
fha > fha! 1 1

i=1

M-
N>

M-
e

ifha,-
i1

4 4 4 4
Y fhal Y fhal Y fhat fhet fha| | A,
i=1 i i=1

1 fha, fha! 0 0 F,
1 fha, fha 0 0 F,

4
fhal Y fhat fhey fhe | | a,
i=1

= (16)

M-
eS|

Based on Eq. (16), the segmental approximation function F,, in Eq. (13) can be obtained by bringing in the

measured discrete-point data, and the interpolation is computed by taking the nodes equally spaced on the interval
function, and then constructing the approximation function F, ,, on each interval sequentially, and then all the

performance curves are fitted after all the interpolated points have been found out, and similarly, the performance

curves can be obtained by finding out the value of F,, .

Il. B.2) Generalized Extended Prediction Model Construction
For the growing sequence (y,,x,), L, (»,.x,), L, follow the design concept of generalized delayed interpolation

extrapolation, so that x, be the latest moment, and model the generalized delayed extrapolation as:

min/(a,,a,,a, Z[al+a2x +ayx; y,} (17)

sta, +ax, +a,x. =y,,i=1,2,L,n—1

Generalized extended prediction models can be solved using the Lagrange multiplier method. When fitting with
a priori data points, the fitted points can be multiplied by a weighting factor, and the weighting factor can be applied

1123



fa

Algorithms for solving nonlinear optimization problems based on generalized extended solutions and their stability analysis

in such a way that the newer the data point, the larger the weighting factor. The newest data points can also be
processed in a variety of ways when utilized, such as a number of the newest data points can be averaged and
coalesced into a single interpolated point for processing.

Il. C.Lyapunov stabilization
Stability is a basic structural characteristic of a control system, which indicates the ability of a system to maintain its
preset working state after being perturbed. Stability is also a prerequisite for a system to be able to operate properly,
and only a stable system can be expanded to practical applications. Liapunov stability theory plays a very important
role in the study of automatic control systems, and because of its universal and intuitive characteristics, it is popular
in the stability analysis of nonlinear system control, and even in the stability analysis of other control systems has
been widely used. In this paper, the control method of strict feedback nonlinear system is investigated based on the
Liapunov stability theorem, and the following are the relevant definitions of Liapunov stability.

Definition 1 (Stability in the sense of Liapunov):

(1) For a nonlinear system x= f(z,x),x(t,) = x,,t €[t,,) in an isolated equilibrium state x,, if for any real

number & >0, there is 5(,4,) >0 such that the inequality |x, —x,||<J(&,4,) of the perturbed motion departing

from any initial state x, satisfies |¢(1;x,,%)—x,

<eVtxt,, then x, is stable in the Liapunovian sense at the
moment ¢,.

(2) If the system is Liapunov stable (i.e., the system is stable in the sense of satisfying 1)), for d(¢,7,) and any
<d(s,t,)
of the perturbed motion ¢(#;x,,7z,) departing from any initial state x, can also satisfy the inequality:
||¢(t;x0,t0)—xe

Theorem 1 (Lyapunov's stability principle): for a nonlinear system x= f(¢,x),t€[t,,) , if the origin is an

equilibrium point of the system, and let one of the neighborhoods of the origin be B, if there exists for all nonzero
states xe B a positive definite function ¥ (x,¢) satisfying 7 (x,t) <0, then the system origin is said to be uniformly

stable in the neighborhood B in the sense of Liapunov.

real number x>0, there exists correspondingly a real number T(u,J,t,) >0 such that satisfies ||x0 —-X,

SuVt2t,+T(u,0,t,) then x, is asymptotically stable at the moment ¢, .

lll. Generalized Extension Method Solution and Stability Analysis

This chapter analytically demonstrates the optimization process of nonlinear problems based on the generalized
prolonged solution through the generalized prolonged solution of 2 nonlinear optimization systems. It also verifies
the stability of the generalized extension solution process and results of the 2 nonlinear optimization systems
through Liapunov stability analysis.

lll. A. Generalized Extended Solution for Nonlinear Gear Microparameter Optimization Systems
In the nonlinear gear micro-parameter optimization system, the accurate operation of gears requires the
simultaneous adjustment of multiple parameters. Constructing a one-dimensional function for each parameter and
solving it using the generalized prolonged approximation method, the optimal solution is found to adjust and optimize
the parameters, so as to reduce the cost of gear operation and improve the operation accuracy. At the same time,
in order to judge the approximation effect of the generalized extension approximation method and to understand
the error between the solution of the method and the actual optimal solution, the cubic spline interpolation method
and linear interpolation method are chosen as the comparison methods to analyze the approximation error of the
three methods under the parameter one-dimensional function solving.

Taking the unitary function related to the helix angle parameter that affects the direction of gear operation as an

example, it is known that the function f(x) has values Ul.:f(xl.)(izo,l,m,n) at n+1 nodes in [a,b] that are
mutually exclusive, and it is desirable to find an approximation function U(x) that satisfies
U(xl.):U,.(i:O,l,Z,---,n).

Follow the generalized extended approximation method for the algorithm. Let A =[a,b] and the node x,
satisfies a=x,<x <---<x,=b , and so a partition of A can be obtained: A=A UA,uU---UA,  where
A, =[x,_,x], e=12,--,n, obtained by extending A, (note: the extended nodes at both ends have to be
processed).

A;={x|xe[xe_z,xm]},e:1,2,...’,1 (18)
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Construct the segmented interpolation function on A, . For the sake of uniformity, the nodes within A, and A}
are denoted x/ (i =0,1,2,3), and the corresponding function values are U/ (i=0,1,2,3).
Let the generalized interpolation function U(x) within A, be

U(x)=a1+a2x+a3x2,xe[xf,x§:| (19)

where a,,a,,a, are coefficients to be determined by the following problem

3 2
2
: b e e e
mml(al,az,a3)——m1n E [a1+a2x,. +a3(xi) _U,}

i=0

a, +a,x; +a3(xf)2 =U; (20)
s.t.
a, +a,x; +a, (xj )2 =U;
Solving equation (20) yields a set of algebraic equations for a,,a,,a,
1 Xy o) |« Uy
1 X, () & |=| US (21)

3 3 3 3
ACED WD NCICH “ >cU;

where C, = (x/)” —(xf +x5)x{ +x7x5 .
If this segmented interval lies at the leftmost end of the entire domain of definition, x, isbounded,i.e., let x, =x;
if this segmented interval lies at the rightmost end of the entire domain of definition, x, is bounded as x, =x, . It

can be introduced that the generalized extended approximation function on these two small intervals is the same
as the approximation function on this interval using the segmented quadratic interpolation approximation method.
The af,a;,a; are derived from Eq. (@) as approximate solutions to Eq. (21)). The quadratic interpolation function

on A, is then determined. Constructing the generalized interpolating function on each interval in turn gives the

generalized interpolating function for the segmental approximation on the full domain.

Given the function f(x)=1/(1+50x"), xe[-1,1], take the equidistant node x=-1+i/5, i=0,1,2,---,10, the
following approximation of f(x) is made by the cubic spline interpolation method, linear interpolation, and
generalized prolonged approximation method, respectively, and the error plots of the three approximation methods
are drawn.

Figure |1 shows the approximation errors of the three methods. The fitted curve of the generalized extended
approximation method approximates the original function curve the best. And as can be seen from Fig. 1, the
cubic spline interpolation error is between [-0.13,0.06], the linear interpolation error is between [-0.06,0.10], and
the generalized prolonged approximation method error is between [-0.12,0.05]. A closer look at Fig. m shows that
with the change of x-value, most of the errors of the generalized delayed approximation method are between
0.00-0.02, while most of the error values of the other 2 methods fluctuate greatly. It shows that the error of the
generalized delayed approximation method is the smallest and the error is stable. Therefore, the generalized
extension approximation method is better than the cubic spline interpolation method and linear interpolation
method. In addition, this method has a simple format specification, does not need to increase the type and scale
of degrees of freedom, and can improve the approximation accuracy by using the original nodes and degrees of
freedom, so it can be widely used in gear micro-parameter optimization system for optimal solving of various
types of parameters.

lll. B. Generalized extension solution for nonlinear trajectory tracking optimization systems

The application of generalized extended solver methods to vehicle attitude control, trajectory tracking, and
propulsion system control in aerospace can achieve accurate solutions and improve the performance and flight
safety of the vehicle. In this section, one of the trajectory tracking systems is selected for flight trajectory tracking
solution to maximize the accuracy of physical trajectory prediction for the flight process.

The initial values of the flight trajectory features have a large impact on the solution accuracy, so the initial values
of the feature pairs are first constructed using convex functions. In the following, we first consider the two-

dimensional resonator potential well case on the full space [ ?, which is realized as follows:
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Figure 1: Three methods approximate the error

Step1: Calculate the eigenpairs of the operator (-A+V(x))
Consider the linear eigenvalue problem on full space

(-A+x"+y" )@ =20,in Q=0"
2 p—
@)

|® 1

Separate variables are used so that ®(x,y) =¢(x)w(») . Since the convex function satisfies
A, (0 +@n+1-x)H,(x)=0,[ " H,(0)f, (x)dx =5,
The () characteristic pair can be found:
Ay =2+ j+1),®,(x,y) = H () H (y),i, ] €[
It is clear that (CD,.]. (%), D, (x,¥)) = 5,~z5jk) , i.e., the eigenfunctions are orthogonal.

The three-term recursive formula for the convex function is:

1 X 1 2

f[o (x)= 71'_16’_7,1:11 (x)= V27 txe 2

A, () = x| A, ()~ |, (021
n+1 n+1

If A is an m -heavy eigenvalue of (22), then there exist m pairs of integers (i,,j,) el x[
p=0,1L---,m—1 such that

(22)

(23)

(24)

(25)

with
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A=20,+j,+) =20+ j+)=---=20G,,+j,,+1) (26)
Denote the orthogonal eigenfunctions correspondingto 4 as

O} (x,0) = H, (OH, (v), p=0,1---,m-1 (27)

Below we consider generating the subspace S, from the eigenfunctions {CDf)} corresponding to the same

eigenvalue 1.
Step2: Search for initial values in a suitable subspace S,

Define S, = Span{CDg,CDf,---,CI)fnfl} . and consider the rough approximate solution ((u,,4,) €S, x0) to make the

{(Vui Vo) +(V (X, )+ Bu,0) = 1,u,,9),VpeS, 28)

2
| Lz=l
m—1

Taking ¢ =®’(¢=0,1,---,m—1) and substituting u, =) a,®* Substituting into equation (28) yields that

p=0

m-1

ap(( —A+V ()7, qﬂ)+/3[[§a o J ]

p=0

=u, [mzzla d)p, j (29)

m—1

Za (I))

p=0

Using {CDZ} as eigenfunctions and orthogonal to each other, there are

S, (-a+r ) @f;,cb:>=”’z"ap<wi,¢;>
p=0

p=0

=lda, q=0,1,--,

q

Za q)}

p=0

(30)

m-1 5

_ 2 y

- Zap ”q)p 2 1
p=0

In turn, equation (29) transforms into a system of nonlinear algebraic equations about (ao,m,amfl,,ul)e gt

m=1
Aa +ﬁ([za (Dpj ’ Jzﬂlaqaqzozla"'am_l

. p=0 (31)
a, =
p=0

For the integral term in equation (W), numerical integration and other methods can be used. Solving (W) for the
case where A is a single, dual, and triple eigenvalue yields the following results:
(1) When 4 =24, (the unique unary eigenvalue) is a single eigenroot, i.e., m=1, the
3 v ?
Aot + Pay (‘Lc H, (x)dx) = Hay,

2 _
ay, =1

(32)

The solution to the equation is found tobe a=+1 and x=2+0.159275.
(2) When A(A=4,=4,) isadoubleroot, i.e., when m=2, the
1127
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Ay @y, +0.1195Ba,, = na,,
Aoty +0.1195ay, = pay, (33)
a;l +a120 =1

Solve for a=(%1,0),(0,%1), (\/, \/lfj(_%i%j 1=4+0.11953.

(3) When A(A=24, =4,=4,) isatripleroot, i.e., when m=3, 14 solutions of equation (31)) are obtained:

a=(0,41,0), 4 = 6+ 008968 (34)
a:(%,o %] 1= 6+0.0797 8 (35)
a=(—i2,o %} 4=6+0.07978 (36)
a=(—iz,o sz 4= 6+0.08963 (37)
a:(% —TJ 1= 6+0.08963 (38)

1 1 1
=lt—,t—,+— [,u=6+0.09294 39
( NRE ﬁj )
Step3: Further approximation of the solution in a suitably large subspace S,
To obtain a better initial value than Step2, take a suitably large subspace S, suchthat S, cS, .

Define S, = Span{CDM,p,q =0, l,---,n—l} to be the subspace into which the eigenfunctions are tensored to seek

((un,yn) eS, xl ) to make the

{(W",WH(V()C)MM) +B(u).0)=u, (u,.0).Vp<S, @0)

2
o]l =1
n—1
Let u, = Z a, ® and take ¢=®,(L,k=0,1,---,n-1), and utilize {CDM} as an eigenfunction and with
7,q9=0
canonical orthogonality, i.e.

rq

: a, ((-a+V(x))®,,.®, )= ZO (A, @, @, ) = a, 4, (41)
P.q= p.q=
S0l -5 (42)
p-q=0 LZ 7,q=0

Thus equation (40) is transformed into a system of nonlinear algebraic equations about (a, 4, ) €Ll (e

(’1 —H, a/k+ﬂ[(za ) ] /szOal,k=0,l,“',n—l

P,q=0

(43)
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Using (ao,yf) as the initial value, the generalized extension method is used to solve (@), where «” and u°
are obtained from step2.

n—1
For the integral term [{ Z a,®, ] ,k} in equation (43), use Gauss-Hermite (GH) numerical integration. Let

P-9=0

the two-dimensional GH points and GH weights be {(xe,yf)}N/;O, {Wf’/"}?//:o , respectively. Noting that

n—1
u= Zoapppq , we have:
P.q=

nol ’ 400 (400
[{ z apqq)pq] Dy J = 'LC J:w u3®,kdxdy
p.q=0

(44)
N N
Zzu (X, ¥ )P, (x,, )Wy
e=0 f
In order to calculate the Jacobi of (@), it is also necessary to calculate the
u (qu,(D _[ I u (qu(blkdxdy
N , (45)
=Z W (¥ )P, (5.3 ), (x,, ¥, )W,
e=0 =0

Step4: Solve the discrete model problem by interpolating coefficients Legendre-Galerkin spectral methods
Since V(x)=x>+)" satisfies hm V(x) =+ the solution ¢(x) has an exponential decay property, 0> can

|x[—>+o0

be truncated to the bounded region Q =[—L,L] and the chi-squared Dirichlet boundary condition is imposed. The

model problem is then discretized by the Legendre-Galerkin spectral method with interpolating coefficients to obtain
a system of nonlinear algebraic equations

Ku+ pMf (u)— uMu
F(u,u)= =0
(u: 1) ( LCu"Mu—1 J (46)
and the corresponding Jacobi:
_(K+pMD,(u)—uM —Mu
- ( 20U M 0 “7)

. T i g .
with  u® = (U0, U3, U WUy Us e Uy Uy ) 4 =u,  as initial values. The generalized

extension method is used to solve this system of nonlinear algebraic equations. where U, = Z a) ® (chj,L.fk)
P-4=0

(aoaﬂn) are obtained from Step3.

Numerical results are given below for the two-dimensional harmonic resonator potential well case using convex
functions to construct eigenpairs of initial values. Let the initial parameters be Q =(-2,2)*, the spectral method
discretized by taking N =34, the termination condition of the generalized extension method 0=1.0x10", the
iterative control accuracy 0=1.0x10", and the number of dissectors problems of the generalized extension method
is 4.

(1) Single-feature case: The unique single-feature root 4, =2, with «’ =q,®,, and x’=2+0.15923 as initial
value. Taking g =-1, the extended step (Step3) uses 2 feature bases. Figure E shows the result of solving the
single feature case.
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Figure 2: Characteristic function and corresponding solutions

(2) 2-fold eigencase: consider the 2-fold eigenvalue A4,=A4,=4 , with the initial value taken as

u’ =a,®, +a,®,,and x°=4+0.11954.Taking S =1, 8 feature bases are used for the extension step. Figure ﬂ
shows the result of solving the 2-feature case.

Combining Figures @ and B it can be seen that the graphs of the eigenfunction and its initial value solution are
very similar. When g is consistent, the number and shape of solutions are consistent. However, the solution peaks
when p=-1 become higher and finer than when p=1, which is consistent with the physical facts of the flight

trajectory. It shows that accurate trajectory tracking results can be obtained by using the generalized extension
method for trajectory tracking solution.
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Figure 3: Characteristic function and corresponding solutions

(a) Characteristic function u’ = (b) Corresponding solutions u,,,,, (), x = 4.1207

lll. C. Stability verification of optimized solution for nonlinear systems

Based on the generalized prolongation method, the gear micro-parameter system and the trajectory tracking system
are optimally solved, and it is found that the generalized prolongation method is capable of achieving the optimal
solution solving of the gear micro-parameters and the physical prediction of the flight trajectories. Further, the

stability of the optimization solution based on the generalized extension method is judged by Ljapunov stability
verification.

Definition 1: The solution u(y,t)=e™" (ﬁ(y)ﬂ'%(y)) is systematically stable in V if, for any ¢ >0, there exists

a 0>0 such that, when the initial values (};(y,O),%(y,O))TeV when there was
A~ A T ~ ~ T
(0,200 ~(0.709) | <5, then
. A A T ~ A T .
inf (7,0, 2(0,0)) ~T() (R, 1)) [ <o (48)
g2<G

For this definition, in order to argue for stability, we require that ﬁ(y,t) , U(y,¢) and their fifth-order derivatives
are square-productible. We discuss the stability of subharmonic functions with period NT in the space V.
_NT NTT\ s ([_NT NT
2 2 e 2 2

(49)
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To prove nonlinear stability, we first construct a Lyapunov generalized function. For nonlinear systems, this is
usually a constant for motion E(#,7), where (%2) is an unconstrained minimizer of
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dE(h,?)

. 0, E'(h,0)=0, (¢,E"(h,0)c)>0, VceV, ¢#0 (50)

Here E'(ﬁ,?) denotes the gradient of the generalized function of E. The existence of Liapunov generalized
functions leads to formal stability. We need to find the generalized function that satisfies the condition.
With respect to the solution (hﬂ) linearizing the members of the j th NLS cluster yields
p(y,t)j

10n0) 1)

P =JM P, P =[
Here M, is the Hessian matrix of I, at (ﬁ,Z)T . The squared eigenfunction relations as well as the separating
variables are given

20.P =JM P (52)

Here Q, isgivenby o(y,7,)=e""v(y).
Substituting (ﬁ) into (ﬁ) yields a relationship between Q, and ¢ similar to that obtained previously. By direct
calculation we have

Q}($) =¢/(OH* () (53)

where ¢,(¢) is a polynomial of degree j—3 in ¢ . Moreover, the choice of parameters ¢, ,, n>1, completely

n?

controls the roots of ¢, (¢). Forany j, by definition of M, we have

-1
JM P =20P =M P=20J"P (54)
and
NT NT NT
T * 7 * o] Q, T *

K, =[ ;P '™M,Pdy=20Q (3PS de:EjﬂP M Pdy (55)

2 2 2

So we have
Q,

K =K =eK, (56)

In order to prove the system solution stability, we check the Krein metric K, that
=L 7 4 4
K =(P,MP)=[ 3P "MPdy =40 3, (|o[ ~|o.| Jtv (57)
2 2

We know that ¢, =—-exp(Qf)y(y)B, and ¢, =exp(Qh)y(y)(4,—Q). Since Q is purely imaginary on o, , the
factor exp(Q¢) has no effect. Next we compute the value of y(y). From eqgrefd-11 we know that

B, +i{B, +y(4,-Q) ]
B ol

Y =7 em[—j
i (58)
= ;—Zexp[—j%;mdy] exp(ireal)

where 'real' denotes a real quantity. Thus, the obtained exponent as well as the constant y, has no effect on the
modulus of | ¥(»)|, which we equate to 1. For the product function we have
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y(4,-Q)  yC,

B, 4,+Q
~Byy,, —Qigh+iayyy, + (47 +2al V) |y [ 28|y |
%wﬂf:(V—2a§—4ﬁ§2)—i(2ﬁé”+a)|t// P +By .y —yy)+Q
BT, ~Th ) —(a+2p5)hh, + 11 )
§+(V—2a§—4ﬁ§2)§—(a+2ﬂ§)(ﬁz + ) +2B(hT , —h 1) —iQ

(59)

+imag

_ %(]n|—(a+2,8§)(}~12 + 1)+ 28T, ~h)7)

+(V—2a§—4ﬂ§2)§+§—i9

j +imag
y

Here 'imag' denotes a purely imaginary quantity that has no effect on the final result of |y(y)| . Noting that 4, +Q
is imaginary, then the absolute value in (59) is real. Thus we get

2 |4, +QFf 1
rof =y (60)
Further we have
Lo =y 1B, ['=1 4, + QL o, =y | 4, - Q' 4, - QF (61)
So:
T wr
Ky =4iQ[ (o [ =, [y =—16i1Q° [ 3, Ady
2 2 (62)

_ GANQ'K (k)@ +2B(=p)( of 2, E(k) ) >
= . (m {k +K(k)j (p+2§)j

where E(k) is the second class of complete integrals:
E(k) = [ N1-#* sin® xax (63)

E)

Therefore, there exist two cases Q=0 or P({)=m’ (kz + X0

j—(,o+2§)2 =0 suchthat K, =0, and thus we

have the following lemma.
Lemma 1: The sign of K, changes at ¢ =¢,, where

2f 2, E(k)
; _i\/m (k +K(k)J_'D (64)

- 2

and ¢, doesnotfallin o, .

Proof: since K(k)>E(k) and E(k)> K(kW(1-K) , we have 1—k<[b;((]]?)

<l+k . It is easy to know that

{,<¢ <¢, and £, <{, <¢,, and from the previous analysis we know that the intervals (¢,,¢,) and (¢.,<,)
are not in the Lax spectrum, and therefore ¢, does not belongto o, .

Based on Lemma 1, we get K, =0 onlyif ¢ isin o, suchthat Q’=0. K, will have a fixed sign in different

parts of o, . Since H isnota proper Lyapunov generalization, we need to use higher order conserved quantities
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to generate a new Lyapunov generalization. We will verify the other K, by considering K  =e¢K; . In order to
compute K, we utilize Lax for the

5
(Dt6 = (UG +ZC6,HU)'IJ® (65)
n=0

The sixth linearized NLS equation can be expressed as

o (h SRR
Pl J I6 +Zc6,nln = 0 (66)
a K n=0

ts

A direct calculation gives
Q= —%(2; + p+m(k+1)2¢ + p+m(k—1))

2¢ +p—m(k+1)(2¢ + p—m(k =1)F*({)

(67)

Among them:
F($)=m*(k* +4K> + 1)+ m* (K> +1)(10p* —=4(2{ +¢45)p
447 +2¢ & —cg ) +5p" —A(ces +20)p°
—i—(6c6w5§+12§2 —3c6’4)p2 (68)
(1647 +8¢,£* —4c, ;£ —2¢, ) p+164*
-1-806’553 - 406,44’2 —2¢456 + ¢4,

From (@), we know that

QF =, (69)

Thus (56) implies that the choice of the constants Conr Coz» Coq and cg; will determine the sign of K| . Indeed,
K, =¢,K,, where ¢, is a polynomial of degree 3 with respect to ¢ . Because we can control the roots of F(J),
we pick the appropriate c¢,,, ¢.;, ¢, and ¢.; such that when the term in K, that contains ¢ changes sign,
e,({) changes sign as well. This can be done because the term containing ¢ in K, is a quadratic polynomial in

¢, which gives K, a definite sign over the whole Lax spectrum. Thus we have the following lemma.
Lemma 2: Forany ¢ e o, the Krein indicator K >0 is satisfied if and only if ¢,,, ¢.;, ¢, and ¢, satisfy

F(g.)=0, F()=0, F(5)=0 (70)

We now know that f6 is a Liapunov generalized function with respect to the steady state solution. Thus as long
as the solution is spectrally stable with respect to the subharmonic perturbation, then it is formally stable in V .
Since symmetric infinitesimal generators correspond to those values of ¢ that make Q?({) =0, the kernel of the

generalized function IAﬁn consists of the symmetric infinitesimal generators that solve for (ﬁ,%) . As mentioned

earlier, ¢, isnotin o,.Thus K, =0 canonly be obtainedif Q=0 holds with respectto ¢ € o, . Thus we prove

the theorem: (System Stability) For subharmonic perturbations in V , the solution of the generalized extended
approximation is stable.

IV. Conclusion

In this paper, we propose a nonlinear system optimization framework that integrates the generalized extension
method and Lyapunov stability. In the gear parameter optimization system, the generalized extension method
solution error is only between [-0.12,0.05], and most of them are between 0.00-0.02, with more concentrated error
distribution. In trajectory tracking optimization, the graphs of the eigenfunction and its initial value solution are very
similar, and the physical consistency error is smaller. The Liapunov stability analysis verifies that the method in this
paper is spectrally stable under subharmonic perturbations. The computational speed of the high-dimensional
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spatial projection operator can be enhanced in the future to expand the possibility of applying the generalized
extension method in real-time optimization systems.
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